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Abstract

The relationship between the biomass of reproductively mature individuals (spawn-

ing stock) and the resulting offspring added to the population (recruitment), the

stock–recruitment relationship, is a fundamental and challenging problem in all of

population biology. The steepness of this relationship is commonly defined as the

fraction of recruitment from an unfished population obtained when the spawning

stock biomass is 20% of its unfished level. Since its introduction about 20 years ago,

steepness has become widely used in fishery management, where it is usually treated

as a statistical quantity. Here, we investigate the reproductive ecology of steepness,

using both unstructured and age-structured models. We show that if one has

sufficient information to construct a density-independent population model (maxi-

mum per capita productivity and natural mortality for the unstructured case or

maximum per capita productivity, natural mortality and schedules of size and

maturity at age for the structured model) then one can construct a point estimate for

steepness. Thus, steepness cannot be chosen arbitrarily. If one assumes that the

survival of recruited individuals fluctuates within populations, it is possible, by

considering the early life history, to construct a prior distribution for steepness from

this same demographic information. We develop the ideas for both compensatory

(Beverton–Holt) and over-compensatory (Ricker) stock–recruitment relationships. We

illustrate our ideas with an example concerning bluefin tuna (Thunnus thynnus/

orientalis, Scombridae). We show that assuming that steepness is unity when

recruitment is considered to be environmentally driven is not biologically consistent,

is inconsistent with a precautionary approach, and leads to the wrong scientific

inference (which also applies for assigning steepness any other single value).
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Introduction

Understanding the relationship between the bio-

mass of reproductively mature individuals (spawn-

ing stock) and the resulting offspring added to the

population (recruitment), the stock recruitment

relationship, is a fundamental and challenging

problem in all of population biology. For example,

strategic fisheries management requires estimates of

biological reference points that often critically

depend upon the nature of the stock–recruitment

relationship (Brodziak 2002). The recovery of

threatened or endangered populations is in large

part determined by the resilience of reproduction.

The Beverton–Holt stock recruitment relationship

(Beverton and Holt 1957/1993) is widely used in

stock assessments of marine fishery resources and is

an important feature of several modeling packages

that are used for stock assessments. In some

assessments of Pacific tuna (Scombridae spp.) and

billfish (Xiphiidae, Istiophoridae) stocks, the available

data are insufficient to directly estimate spawner

recruitment relationship. In such cases [and others,

e.g. Pacific rockfish (Sebastes spp. Scorpaenidae)] it

has become common practice to use the steepness of

the stock recruitment relationship in lieu of the

entire relationship.

Steepness was popularized by Mace and Doonan

(1988), who defined it as the fraction of recruitment

from an unfished population (R0) when the spawn-

ing stock biomass is 20% of its unfished level (B0);

its antecedents can be found in Goodyear (1977,

1980) and Kimura (1988) and references there-in.

Mace and Doonan (1988) assumed that production

follows a Beverton–Holt stock recruitment relation-

ship so that when spawning biomass is B the

resulting recruitment R(B) is

RðBÞ ¼ B

aþ bB
ð1Þ

where a and b are parameters. In the form of

Equation (1) these parameters have clear, if some-

what unnatural interpretations. That is, 1
a is the

maximum per capita production of recruits (i.e.,

the limit of RðBÞ
B for small B) and R(B) approaches 1

b

as B increases. If B0 and R0 denote the unfished

spawning biomass and recruitment at that spawn-

ing biomass and h denotes steepness (Mace and

Doonan (1988) use D) then

R0 ¼
B0

aþ bB0
ð2Þ

hR0 ¼
0:2B0

aþ 0:2bB0
ð3Þ

which can be used to relate a and b to steepness

a ¼ B0

R0

1� h

4h
ð4Þ

b ¼ 5h� 1

4hR0
ð5Þ

In the intervening years, a tradition has devel-

oped in which one estimates the parameters of the

unfished stock (B0 and R0) and specifies the

steepness, after which the parameters in Equation

(1) can be determined from Equations (4 and 5). In

many cases, particularly data poor situations, it is

common to use plausible values of steepness in the

absence of alternative information. This is an

implicit Bayesian approach, even if it is not

acknowledged as such. In other cases, it is argued

that recruitment is mainly determined by the

environment and h is set equal to 1 (e.g. Aires-da-

Silva and Maunder 2007; Maunder 2007). For

example, Maunder (2007) assumes h ¼ 1 in the

stock assessment for yellowfin tuna (Thunnus albac-

ares, Scombridae), conducts a sensitivity analysis

with h¼0.75, and reports that the best estimate
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when treating steepness as a free parameter is h ¼
0.54. This approach of fixing h and conducting a

sensitivity analysis is commonly used, but clearly

there is need to better understand the reproductive

biology (sensu Morgan (2008)) of steepness. Our

approach is very much in the spirit of Winemiller

and Rose (1992), who recognize that organisms are

not simply data points, but the result of natural

selection on trade-offs among important demo-

graphic variables, and of McAllister et al. (2001)

who used a combination of Bayesian and demo-

graphic methods to infer the maximum per capita

growth rate in a Schaefer model.

Determining probable values of steepness for

marine species is a very important research topic.

Stock–recruitment steepness is intrinsically related

to the resilience of a species to harvesting and

effectively determines the average productivity of

fishery resources within a stationary environmental

regime. Steepness itself must be firmly rooted in the

evolutionary ecology of the species and reproductive

biology of a stock must surely be important for its

management (Morgan 2008). Currently, we lack an

explanatory theory to predict steepness based on the

evolutionary ecology and associated life history

parameters of a species, information that is more

readily available and less expensive to generate than

assessment data.

The topic of estimating steepness has been

addressed through meta-analyses of stock–recruit-

ment data for several species and taxa. For example,

Myers et al. (1999) estimated a family level median

steepness for the scombrids, using data for six

species, at 0.52 with 20 and 80 percentiles 0.30

and 0.72 respectively; their median estimate for

swordfish (Xiphias gladius Xiphiidae) was 0.88.

Although Myers et al. (1999) was a breakthrough,

the statistical approach is limited to commercially-

exploited species for which there are sufficient data

to conduct an assessment. Such species represent a

modest fraction of the potential fishery resources

worldwide. Thus, while Myers et al. (1999) provided

a useful empirical basis for developing an informa-

tive prior belief about the steepness of some species

for analyzing population dynamics, many other

species were not considered and indeed could not be

considered if the analyses were repeated today.

Furthermore, there are other concerns with the

meta-analyses (cf. Osenberg et al. 1999): lack of

representativeness of the selected stocks, bias

towards temperate fishes, lack of independence of

stock response to the impact of environmental

variation on recruitment. Dorn (2002) developed a

hierarchical Bayesian method for computing a prior

for steepness for west coast groundfish species.

Munch et al. (2005) show how to find a posterior

distribution for steepness using Bayesian nonpara-

metric methods and Punt et al. (2005) use para-

metric Bayesian methods to make inferences about

steepness for data-poor stocks using information on

steepness from data-rich stocks. He et al. (2006) use

a stochastic simulation to construction a prior for

steepness based on long-term persistence of the

stock.

In this paper, we provide a new look at the

evolutionary ecology and reproductive biology of

steepness and its theoretical basis. We develop a

practical framework for estimating the probable

value of steepness based on life history parameters

and show the importance of understanding early life

history in the context of steepness.

We use scombrids to illustrate the framework for

estimating the probable value of steepness because

they are commercially-valuable, highly productive,

and intensively-exploited fishery resources for

which it is often assumed that h ¼ 1 in stock

assessments because ‘‘recruitment is environmen-

tally driven‘‘. This assumption implies an ecologi-

cally optimistic compensatory response in the

stock–recruitment dynamics at low fish stock sizes

and can lead to unrealistic expectations about stock

resilience at high harvest rates. More technically,

setting h ¼ 1 attributes a probability of one to the

event of 100% of R0 at 20% of B0. The same is true,

of course, for any other value of h – that one

attributes a probability of one to the recruitment

associated with that value of steepness. We argue

that an alternative, more consistent scientific infer-

ence (sensu Jeffreys 1931) is that if recruitment is

truly solely environmentally driven, then the prior

on steepness should be uniform or close to it (details

are provided below).

In the next section, we begin with a production

model, for which one is required to know maximum

per capita productivity and natural mortality to be

able to construct steepness. We then consider the

age-structured model, for which one additionally

needs to know the probability of maturity and

fecundity as a function of age (for simplicity, we

assume that fecundity is proportional to mass). We

show the conditions under which the age-struc-

tured result collapses to the production model. We

then discuss sources of stochasticity and uncer-

tainty, focusing on variation in mortality rates of
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recruited individuals. We use a Monte Carlo simu-

lation to estimate maximum productivity from early

life history (egg to recruited) stages. We illustrate

our analysis using data on bluefin tuna. We

construct priors for steepness based on reproductive

ecology and then fit these to transformed beta-

densities. Finally, we discuss extensions of the

method. In Appendix 1, we show how our approach

can be applied to over-compensatory stock–recruit-

ment relationships such as the Ricker and in

Appendix 2 we show that adding process uncer-

tainty to the stock–recruitment dynamics allows

one to produce a distribution of recruitment but the

fundamental flaw of fixed steepness remains; we

also compute the likelihood of a recruitment devi-

ation sufficiently large to lead one to conclude that

steepness is 1, conditioned on the true value of

steepness and the standard deviation of log-nor-

mally distributed recruitment deviations.

Methods

We begin with a production model, which might be

used in the analysis of a data-poor fishery, and then

consider an age structured model (which is more

data-intensive).

The production model

We work with a biomass production model (MacCall

2002). We let B(t) denote the total biomass at time t

and assume that the fraction of males at birth is r, so

that spawning (i.e. female) biomass at any time is

(1 ) r)B(t). If M is the rate of natural mortality and

F is the rate of fishing mortality then the dynamics

of biomass are

dB

dt
¼ apð1� rÞB

1þ bð1� rÞB� ðM þ FÞB ð6Þ

where ap is subscripted to note production and has

units of new biomass per existing spawning (female)

biomass per time, so that it is a rate, comparable to

the rate of natural mortality M or of fishing

mortality F. Clearly, if we were just interested in

statistical estimation of parameters, rather than a

more complete scientific inference, 1 ) r could be

folded into ap and b. However, by keeping 1 ) r out

of the parameters, we are explicitly able to connect

total biomass with spawning biomass – thus

providing a biologically more mechanistic interpre-

tation. Note that we assume it is only the female

biomass that affects density dependence. As will be

seen below, all of our conclusions about steepness

are identical if we replace b(1 ) r)B in Equation (6)

by bB.

The steady state biomass at fishing mortality rate

F is

BðFÞ ¼ 1

bð1� rÞ
apð1� rÞ

M þ F
� 1

� �
ð7Þ

so that

B0 ¼
1

bð1� rÞ
apð1� rÞ

M
� 1

� �
ð8Þ

We thus see that existence of a steady state

requires that the Beverton number (sensu Mangel

2005)
apð1�rÞ

M > 1 and that density dependence

scales the overall size of the steady state. Thus, the

parametrization in Equation (6) separates the roles

of a and b in shape and scale when determining B0.

The separation becomes even clearer when we

consider steepness.

According to its definition, steepness is

h ¼ 0:2apð1� rÞB0=½1þ 0:2bð1� rÞB0�
apð1� rÞB0=½1þ bð1� rÞB0�

ð9Þ

from which we obtain

h ¼ 0:2� 1þ bð1� rÞB0

1þ 0:2bð1� rÞB0
ð10Þ

However, in light of Equation (8)

bð1� rÞB0 ¼
apð1� rÞ

M
� 1

� �
ð11Þ

so that we find

h ¼ apð1� rÞ
4M þ apð1� rÞ ð12Þ

which can also be rewritten as

h ¼
apð1� rÞ

M

4þ apð1�rÞ
M

ð13Þ

Note that as ap gets larger and larger, h increases

towards 1 and that as ap(1 ) r) declines towards M

(but in light of Equation (8) must be larger than M),

h declines towards 0.2, as it must. This equation

was derived by Myers et al. (1999) using a discrete-

time Ricker model without considering sex ratio. For

the production model, it is also easy to show that
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the maximum per capita rate of increase in biomass,

analogous to r in the Schaefer model (McAllister

et al. 2001) is 4Mh
1�h, thus connecting steepness to

more classical measure of population growth.

The age structured model

In a standard age-structured model with Beverton–

Holt recruitment, N(a,t) denotes the number of indi-

viduals of age a alive at time t. For the recruited class

Nð0; tÞ ¼ asBsðtÞ
1þ bBsðtÞ

ð14Þ

where Bs(t) is the spawning biomass at time t and

as has units of new individuals/spawning biomass and

is subscripted with s to denote that this is a

structured model. Assuming that fecundity of an

individual is proportional to its mass, spawning

biomass is

BsðtÞ ¼ ð1� rÞ
Xamax

a¼1

Nða; tÞWf ðaÞpf ;mðaÞ ð15Þ

where Wf (a) is the mass of a female at age a and pf,m

is the probability that a female of age a is mature

and amax is the maximum age that an individual can

attain (with suitable modification of the dynamics of

the last age class, we can incorporate a ‘plus’ group

into this formulation).

For ages a > 0 we have

Nða; tÞ ¼ Nða� 1; t� 1Þe�Zða�1Þ ð16Þ

where Z(a ) 1) is the total mortality at age a ) 1,

given by the sum of natural mortality M(a ) 1) and

fishing mortality F(a ) 1) at age. Since neither of

the mortality rates depend upon time the population

will reach a steady state and a stable age distribu-

tion.

We let B0 and R0 denote the values of spawning

biomass and associated recruitment respectively in

this steady state and in the absence of fishing and

NðaÞ the number of individuals of age a in this

steady state so that

NðaÞ ¼ SðaÞ � R0 ð17Þ

where S(a) is survival from age 0 to age a, i.e.

SðaÞ ¼
Qa�1

i¼0 e�MðiÞ. In the steady state, Equation

(14) becomes

R0 ¼
asB0

1þ bB0
ð18Þ

where

B0 ¼ ð1� rÞ
Xamax

a¼1

NðaÞWf ðaÞpf ;mðaÞ ð19Þ

We now define

Wf ¼
Xamax

a¼1

SðaÞWf ðaÞpf ;mðaÞ ð20Þ

which has the interpretation of the expected

surviving mature biomass per recruit. Since

NðaÞ ¼ SðaÞR0 and B0 ¼ ð1 � rÞR0Wf we have

R0 ¼
as � ð1� rÞR0Wf

1þ b� R0Wf

ð21Þ

which is an equation for R0. In particular, we have

bð1� rÞR0Wf ¼ asð1� rÞWf � 1: ð22Þ

When spawning stock biomass is 20% of B0 the

recruitment is

R ¼ asð1� rÞ � 0:2R0Wf

1þ bð1� rÞ � 0:2R0Wf

ð23Þ

and in analogy to Equations (12 and 13) steepness

is

h ¼

as � 0:2ð1� rÞR0Wf

1þ b� 0:2ð1� rÞR0Wf

R0
ð24Þ

so that

h ¼ 0:2asð1� rÞWf

1þ 0:2bð1� rÞR0Wf

ð25Þ

and in light of Equation (22)

h ¼ 0:2asð1� rÞWf

1þ 0:2½asð1� rÞWf � 1�
¼ asð1� rÞWf

4þ asð1� rÞWf

ð26Þ

Note that Equations (20 and 25) can be used to

give a point estimate for steepness in which the age

structure of the population has been perturbed from

a stable age distribution, by computing Wf for the

perturbed age structure (cf. Wiedenmann et al.

in press). To connect Equations (13 and 26) note

that the production model requires that M(a) is a

constant (M). Then

SðaÞ ¼ e�Ma ð27Þ

In addition, the production model cannot have

age structure; let us assume that we can replace

Wf (a)pf,m(a) in Equation (20) by a constant, say

Wf ;m, interpreted as the average biomass of a

spawning female. With this assumption we can

rewrite Equation (20) as
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Wf ¼
Xamax

a¼1

e�MaWf ;m ¼Wf ;m
1� e�Mamax

1� e�M
ð28Þ

Ifamax is sufficiently large then the numerator in

the last expression in Equation (28) is approxi-

mately 1. If M is not too large, then we can Taylor

expand the denominator as 1 ) e)M » M. Thus

Wf � Wf ;m

M and Equation (26) becomes

h ¼
asð1� rÞWf ;m

M

4þ asð1� rÞWf ;m

M

ð29Þ

By defining ap ¼ asWf ;m Equations (13 and 29)

are the same.

In summary we have shown (1) how to compute

steepness for a production model (Equation 13) and

that steepness depends only upon maximum per

capita productivity and mortality rates; (2) how to

compute steepness for an age-structured model

(Equation 26) and that steepness depends only

upon the schedule of survival and fecundity at age

and maximum per capita productivity; and (3) the

conditions under which the production model is

recovered from the fully age structured model

(Equations 28 and 29). For completeness, in

Appendix 1 we derive the analogue of Equation

(26) for the case of an over-compensatory recruit-

ment function.

Accounting for uncertainty and stochasticity

Equations (13 and 26) involve the quantities

ap,M,r,as and Wf . We assume that W(a) is allomet-

rically related to length so that W(a) ¼ c1ÆL(a)c2

where c1 and c2 are constants and where

LðaÞ ¼ L1ð1� e�kða�a0ÞÞ ð30Þ

where L¥ is asymptotic size, k is the growth rate,

and a0 is the (theoretical) age at which size is 0

or is a parameter that allows us to account for

the initial condition L(0) ¼ l0. It is possible to

associate probability distributions with both

asymptotic size and von Bertalanffy growth rate

(e.g. Siegfried and Sansó 2006) from single set of

data or to conduct a meta-analysis on published

growth curves.

If natural mortality were constant over time and

age, the probability of surviving a single year is e)M.

However, as noted by McAllister et al. (2001),

individual fish will experience different survival

trajectories, determined by this annual probability.

Adding uncertainty in natural mortality broadens

the variation in survival trajectories. We focus first

on fish that have recruited to the population, and in

the next section discuss fluctuations in the survival

of eggs and larvae.

To begin, consider the production model. To

characterize variation in the rate of natural mor-

tality, we use the gamma density (Mangel 2006) so

that the probability density function for M is

f ðmÞ ¼ km

CðmÞ e�kmmm�1 dm ð31Þ

where m and k are parameters. In this formulation

the expected value of M is EðMÞ ¼ M ¼ m
k and the

coefficient of variation is CVðMÞ ¼ 1ffiffi
m
p .

Given that M has a probability distribution,

imagine drawing a sequence m0,m1,m2,m3,…,ma)1

from the gamma density given by Equation (31).

From those, we can construct a random variable
~SðaÞ for survival to age a according to

~SðaÞ ¼
Ya�1

i¼0

e�mi ð32Þ

and thus generate a family of survival trajectories

that account for the uncertainty in natural mortal-

ity, and also allow for individuals experiencing

differences in natural mortality at age.

Although the assumption of a constant rate of

natural mortality is commonly used in stock assess-

ments, it cannot apply across the range of a fish’s life

– where individuals, for example, may be prey when

young and predators when older. When such data

are available, they should be used. For example, for

yellowfin tuna and bigeye tuna (Thunnus obesus,

Scombridae) Hampton (2000) shows classical tra-

jectories of mortality as a function of age: a rapid

decline from the youngest age class, a leveling out of

mortality, and then an increase of mortality with

increasing age (also see Chen and Watanabe 1989).

This suggests that we replace constant natural

mortality by a function of size and age, as in

Mðl; aÞ ¼ m0 þ
m1

l
þm2 � a ð33Þ

where L(a) ¼ l is length at age a and m0,m1 and m2

are parameters. Such data, in which age and length

are treated separately, rarely exist. However, if

length is treated as a function of age, then M(l,a) ¼
M(l(a),a) ¼ M(a) only. We use empirically reported

values of M(a) (see below for details) as the means

for the probability density in Equation (31) and

assume the same value of m for all ages, determined

as explained below.
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Given the distribution of age-dependent mortal-

ity, we follow a prescription similar to the one

leading to Equation (32) to develop survival to age

functions that take size dependent natural mortality

into account and are used in the age structured

model.

The early life history

In almost all fishery population dynamics models,

the early life history of the fish is treated separately

from the later ages (the notion being that the von

Bertalanffy parameter a0 captures the early life

history). However, a biological interpretation of

steepness requires that we consider the early life

history in more detail.

Suppose that a fish is recruited to the population

dynamics model at mass W(0) after a juvenile

period of dl days. We let wl(d) denote the wet mass of

the larvae on day d. Assuming exponential growth

during this phase (Kaji et al. 1996, Shoji et al.

2005) we have

wlðdÞ ¼ wlð0Þ � expðkl � dÞ ð34Þ

where kl is determined so that the individual grows

from wl (0) to W(0) in dl days. In this paper, as a first

approximation we ignore individual variation in

larval growth rates.

To compute the expected mass that an egg

contributes to future biomass, we need to find the

survival during the period before being recruited to

the population dynamics model. We use McGurk

(1986) to characterize mortality during the early life

history phase rather than modeling the density

dependent mortality explicitly. McGurk showed that

eggs and larvae have a steeper size-dependent mor-

tality than juveniles and proposes that two different

equations be used. In particular, we let Ml(wd) denote

the daily mortality rate of an individual of dry mass

wd. McGurk (1986, Equation 7) concluded that if If

wd is less than wc ¼ 0.00504g then

MlðwdÞ ¼ 2:2� 10�4 � w�0:85
d ð35Þ

and otherwise (McGurk 1986, Equation 2)

MlðwdÞ ¼ 5:26� 10�3 � w�0:25
d ð36Þ

Equation (35) applies to fish eggs and larvae and

Equation (36) to juvenile fish (McGurk 1986,

Fig. 1). Fish eggs and larvae typically have a

different hydration factor than juveniles. We use

the general values reported by Kamler (1992) of a

65% hydration factor for eggs and larvae and 85%

for juveniles and convert the crossing value of dry

weight, wc, to a wet weight value by assuming the

weight wet crossing is 4.76Æwc (obtained by aver-

aging the wet weights based on 65% or 85%

hydration). Equations (35 and 36) are the regres-

sion lines reported by McGurk (1986), from log–log

plots. In order to estimate the variance in mortality

rate, we digitized the data and fit either of these

equations to log (M) ¼ m0 + m1 log (wd) + Zr, where

Zr is a normally distributed random variable with

mean 0 and standard deviation r. Larval survival

to day d, Sl (d )) (with Sl (0) ¼ 1) is

Slðd Þ ¼ Slðd � 1Þ � expð�MlðwdÞÞ ð37Þ

Because survival may be a very small number, it

is also useful to consider the accumulated mortality

Ma(d ) to day d. We have Ma(0) ¼ 0 and

Maðd Þ ¼ Maðd � 1Þ þMlðwdÞ ð38Þ

To implement these equations, we first compute

dry weight from wl(d ) 1) and then use Equation

(35 or 36) as appropriate, incorporating the random

component to early life history survival.

Interpreting ap and as

We will now provide an interpretation of ap and as.

First consider ap. Note that

apð1� rÞB
1þ bð1� rÞB ¼ apð1� rÞB� 1

1þ bð1� rÞB
ð39Þ

Thus apB is the maximum rate at which all

biomass is added (female biomass being a fraction

1 ) r of the total biomass) before density depen-

dence acts and 1
1þbð1�rÞB is the fraction of that

biomass which survives to increase the population.

To find ap, consider a female fish of age a, with

mass W(a), length L(a), and probability of being

mature pf,m(a). Suppose that EðWðaÞÞ is the fecun-

dity of this individual in a single spawning event

and sf is the spawning frequency. Each egg contrib-

utes W(0) · Sl(dl) to new biomass so that

ap ¼
EðWðaÞÞ �Wð0Þ � SlðdlÞ � sf

WðaÞ ð40Þ

In practice, since EðwÞ will be a typically large

number and Sl(dl) a small number, it is wiser to

compute their product as

EðwÞ � SlðdlÞ ¼ expðlogðEðwÞ � MaðdlÞÞÞ

We employ a simulation algorithm to implement

Equation (40). Imagine that we sub-sample K
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populations of simulated fish, with N female fish in

each of the samples. Our goal to create the age

for each of the N fish in the sub-sample of the

kth population. To do this, we denote the age of the

nth fish in the kth population by an,k, which is found

by choosing a uniformly distributed random vari-

able ~Unk and then setting ~Sðan;kÞ ¼ ~Unk, where ~SðaÞ
is determined by Equation (32) for the production

model or its extension for the age structured model.

For the case of constant mortality M, this equation

is easily solved and we find an;k ¼ � 1
M logð~UnkÞ. For

the case of age-dependent natural mortality we first

find the age j satisfying
Pj

a¼0 MðaÞ < logð~UnkÞ <Pjþ1
a¼0 MðaÞ; an;k is then this age plus a linearly

interpolated increment between the two years.

When employing these algorithms, for the case of

constant natural mortality, each population k

experiences a different value of m, drawn from the

gamma density in Equation (31); for the case of age

dependent mortality, each population experiences a

series of values of m0,m1,…ma)1, drawn from age-

specific gamma densities. In this manner, we

randomly generate the age structure of a subsample

the spawning population; at no point do we

estimate the total size of the population, but that

is not necessary.

Once we know the age of the fish, we know its

length, weight, and probability of being mature. It

is then possible to compute ap(n,k) from Equation

(40). The total biomass in population k isPN
n¼1 Wðan;kÞ and the total reproduction is

Wð0Þ � SlðdlÞ � sf

PN
n¼1 EðWðan;kÞÞ. Thus the esti-

mate for ap in this population is

~apðkÞ ¼Wð0Þ � SlðdlÞ � sf

PN
n¼1 EðWðan;kÞÞPN

n¼1 Wðan;kÞ
ð41Þ

which is a random variable because an,k is a random

variable. Note that the units of ap are new biomass

per spawning biomass while those of as are new

individuals per spawning biomass. Thus with W(0)

removed, Equation (40) gives us an estimate as and

with W(0) removed, Equation (41) provides an

estimate of ~asðkÞ. Note that the sex ratio would

appear in both numerator and denominator of

Equation (41), thus cancelling, so that we can think

of the simulation as drawing only female fish and

measuring only the female offspring produced.

Equations (13 and 41) (or Equation (26) and the

modification of Equation (41) for the age structured

model) allow us to generate a frequency distribution

for steepness based on the K populations (we use

K ¼ 200 for computation) of N fish (we also use

N ¼ 200 for computations). To create the frequency

distribution, we discretized values of steepness

between 0.2 and 1.0 in increments of 0.013.

Repeating the process summarized in Equations

(13 or 26), and 41 allows us to obtain multiple

versions of the frequency distribution for steepness.

This allows us to generate an ‘‘empirical’’ distribu-

tion for steepness. We can fit that distribution to one

of the classical frequency distributions of probability

theory, the beta density (Mangel 2006). To do this,

we introduce the variable y ¼ 1.25Æh ) 0.25 which

ranges from 0 to 1 as steepness ranges from 0.2 to

1.0. Thinking of steepness now as a random

variable, ~h, the transformed variable also becomes

one ~y and

E½~y� ¼ 1:25� E½~h� � 0:25 ð42Þ

Var½~y� ¼ 1:5625� Var½~h� ð43Þ

If ~y follows a beta density with parameters ab,bb,

so that its probability density is

fbðyÞ ¼
Cðab þ bbÞ
CðabÞCðbbÞ

yab�1ð1 � yÞbb�1

and if we introduce the parametrizations (Dorazio

and Royle 2003) lb ¼
ab

ab þ bb
and sb ¼ ab + bb

then

E½~y� ¼ lb ð44Þ

Var½~y� ¼
lb � ð1� lbÞ

sb þ 1
ð45Þ

We thus obtain numerical values for lb and sb

from Equations (42–45) and then determine the

values of the beta density from ab ¼ sb · lb and

bb ¼ sb · (1 ) lb). We implemented the simulation

using C.

An example with bluefin tuna

To illustrate our ideas, we use the parameters

reported in Bayliff (1994) for northern bluefin tuna.

Bayliff (1994) estimates natural mortality to have

mean value M ¼ 0:276 yr�1 and that the 90% con-

fidence interval for mortality is [0.16,0.471] yr)1.

Anonymous (2008) give age dependent mortality

M(a) for bluefin tuna: M(0) ¼ 1.6 yr)1, M(1) ¼
0.46 yr)1, M(2) ¼ 0.27 yr)1, M(3) ¼ 0.2 yr)1 and

M(a) ¼ 0.12 yr)1 for a ‡ 4 yr.

We use von Bertalanffy growth (Equation 30) with

the parameters from Bayliff (1994): L¥¼320.5 cm,

k ¼ 0.1035 yr)1, and a0 ¼ )0.7034 yr. We assume
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Figure 1 (a) The gamma frequency distribution f(m) for constant natural mortality estimated used for the example of our

method with bluefin tuna. (b,c) Sample survival trajectories created by assuming annual mortality is drawn from the

distribution shown in panel (a) on a yearly basis. (d) If we assume age dependent mortality with the same coefficient

of variation as that used in panel (a), then there is a family of probability distributions for the rate of mortality, depending

upon age a and this introduces more variability in survival to age (panels e,f ), particularly at older ages, when we

expect individuals to be more fecund. Regardless of whether we use constant or age dependent mortalities, the consequence

of variation in survival is to create variation in steepness.
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the length weight allometry W(a) ¼ 0.001L(a)2.4.

These values produce a fish that is about 215 cm and

400 kg at age 10. We assume that the probability

that a fish is mature at age a is

pmðaÞ ¼
e

a�a50
rm

1þ e
a�a50

rm

ð46Þ

where a50 is the age at which 50% of a cohort is

mature. We choose a50 ¼ 5 yr.

For the early life history, we use an initial egg wet

mass of 0.00035 g, which corresponds to an egg

radius of about 0.5 mm and neutral buoyancy at

25 �C and assume 256 days [corresponding to the

value of a0] to W(0) ¼ 1.76 kg. For spawning

information, we use Chen et al. (2006). Batch

fecundity at length L is

EðLðaÞÞ ¼ 3:24� 105 � LðaÞ � 5:21� 107 ð47Þ

Spawning frequency is every 3.3 days during the

spawning season, which is 6 weeks from late April

to mid-June.

Results

Bayliff’s (1994) data, we find that m ¼ 9.7 for the

probability density in Equation (31). The resulting

probability density (Fig. 1a) is peaked close to the

mean and relatively symmetric, although there is a

somewhat wider right hand tail. There is notice-

able variation in survival determined by Equation

(32) (Fig. 1b) and especially at the oldest ages,

when we expect fish to be the biggest and most

productive (Fig. 1c). When we do the same

assuming age dependent mortality, we generate a

series of probability densities for mortality rate

(Fig. 1d) which then show more variation in

survival (Fig. 1e,f ). For the von Bertalanffy growth

parameters given above, length at age is nearly a

linear function (as Bayliff (1994) noted, and the

inflection point in mass at age occurs very early in

the life of a tuna. The probability that an individ-

ual is mature ranges from about 20% at age 4 to

nearly 100% at age 8.

In Fig. 2, we show the probability distributions

obtained for 200 replicate runs of our method using

the production model (panel a) or the age structured

model (panel b). The production model shows a

relatively tight distribution and an excellent fit to

the beta probability density, with a peak around

h ¼ 0.9 and all of the probability in about

0.8 £ h £ 0.95. The situation changes noticeably

when the age-structured model is used. Now, nearly

the entire range of steepness is possible and the

fitted beta density, while generally doing well,

misses the peak by a little bit.

Discussion

In this paper, we have shown how to formulate

steepness for a production model (Equation 13)

Figure 2 We simulated subsamples of 200 fish from 200

populations, using bluefin tuna life history parameters,

and constructed an empirical frequency distribution for

steepness, for which we show the mean (solid line) and

standard deviation (error bars) and then estimate the

parameters for a beta density. In panel (a) we show

the results for the production model and in panel (b) the

results for the age-structured model.
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such as might be used in the management of

data-poor fisheries and for an age-structured

model (Equation 26) for a fishery that is richer

in data. Our approach is based on the reproduc-

tive biology of the species and thus complements

previous work that has developed priors for

steepness from a more statistical viewpoint (Punt

and Hilborn 1997; Dorn 2002; Myers et al. 2002;

Schnute and Kronlund 2002; Punt et al. 2005).

We have also shown (Equations 27–29) how the

two formulations are connected by making sim-

plifying assumptions about the age structure. For

data poor fisheries, in the absence of an empirical

estimate of the natural mortality rate, the mean

value of natural mortality rate could be estimated

from basic life history information such as the age

of maturity (am) and the growth coefficient (k)

assuming Beverton–Holt life history invariants

(Beverton 1992; Jensen 1996; Mangel 2006;

Mangel et al. 2007). By assuming that annual

survival varies among recruited individuals, we

have been able to derive our main result – a prior

for steepness that can be fit with a transformed

beta density (Fig. 2). Clearly fluctuations in

annual mortality is only one source of variation.

For example, our results are conditioned on

asymptotic size L¥ and growth rate k and one

may hypothesize that variation in these will

broaden the distribution of steepness. He et al.

(2006) used an evolutionary persistence principle

for a production model as a means of constructing

a prior for steepness and showed that low values

of steepness are unlikely because of the low

probability that a population with such low values

can persist in the face of recruitment fluctuations.

Our result for the production model could be

combined with that of He et al. (2006), which

requires an assumption about the rate of natural

mortality, but only in a qualitative way since He

et al. (2006) did not assume fluctuations in the

rate of natural mortality.

Thus, our work continues a tradition of

attempting to provide biological interpretation to

the parameters of the Beverton–Holt stock–recruit-

ment relationship and interpretation of those

parameters in terms of maximum sustainable

harvest rate and catch (Schnute and Richards

1998) or in the context of persistence under

fishing pressure and recovery from over-exploita-

tion (e.g. Jennings et al. 1998) or sustainability

(Reynolds et al. 2001). In particular, Walters et al.

(2006) recommend the use of the Compensation

Ratio (CR; Goodyear (1977, 1980, 1993)) in the

formulation of the recruitment function [although

in a later paper (Forrest et al. 2008) they revert to

Equation (1) here]. The CR was introduced by

Goodyear to provide a measure of the relationship

of survival, fecundity, and fishing mortality under

which populations can persist. A number of

formulations of the Beverton–Holt stock recruit-

ment relationship using the CR can be found in

the literature (e.g. Goodwin et al. 2006; Walters

et al. 2006). For example, Walters et al. (2006)

assume that recruitment R(E) when E eggs are

produced by the spawning population is

RðEÞ ¼ KðR0=E0ÞE
1þ½ðK�1Þ=E0�E, where K is the compensation

ratio, R0 is the recruitment in the unfished

population, and E0 is the egg production in the

unfished population. It is a straight-forward rep-

etition of the analysis in Equations (9–13) to

show that Rð0:2E0Þ
RðE0Þ ¼

0:2K
0:8þ0:2K so that the Goodyear

Compensation Ratio is exactly the Beverton num-

ber
apð1�rÞ

M . This Beverton number has can be

interpreted as the rate at which new biomass is

added to the stock per unit biomass (ap(1 ) r))

multiplied by the mean lifespan of biomass added

to the stock (1/M). A similar interpretation

holds for the age-structured model, as noted by

Goodwin et al. (2006).

Perhaps most importantly, Equations (20 and 26)

show that as soon as we are able to develop a

demographic model for the survival of a cohort

(Equation 20) we are close to being able to obtain a

point estimate for steepness (Equation 26 or 53 in

Appendix 1). That is, steepness is endogenous to the

demography of the stock; it cannot be chosen

arbitrarily. This point is buried in other work on

steepness, but needs to be made explicit: demo-

graphic information about the fate of a cohort also

tells us about the reproductive resilience of the

population. It also means that one cannot arbi-

trarily modify steepness while holding all of the

other biological parameters constant (cf. Rose and

Cowan 2003) and is another example of the

importance of incorporating life history character-

istics into assessments.

This is of more than academic or theoretical

interest. Many fish stocks are managed on the basis

of reduction in Spawning Potential Ratio (SPR),

which measures the reduction in lifetime spawning

output at a fixed fishing mortality F relative to the

unfished stock. That is, if we define Lifetime Egg

Production when fishing mortality is F as LPR(F)

then
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SPRðFÞ¼LEPðFÞ
LEPð0Þ¼

Pamax

a¼0e�
Pa�1

a0¼0
ðMðaÞþFðaÞÞWf ðaÞpf ;mðaÞPamax

a¼0e�
Pa�1

a0¼0
MðaÞWf ðaÞpf ;mðaÞ

ð48Þ

where F(a) is the product of F and a measure of

selectivity of the fishery for individuals of age a. The

typical management strategy is to choose Fx% so

that SPR(Fx%) ¼ x/100 is a proxy for SPR(FMSY).

For example, most US West Coast groundfish stocks

were managed to achieve F35% as a proxy for FMSY

during the 1990s (Brodziak 2002). However, for

many of these stocks, the SPR target has subse-

quently been adjusted upwards to reflect lower

estimates of stock resilience and to be more conser-

vative (i.e. to increase x because of declines of the

stock). Note that Equation (48) includes nearly all of

the information needed to obtain a point estimate

for steepness; only maximum productivity is miss-

ing. However, as most clearly illustrated in Equation

(8), assuming a value for mortality implies a

minimum value for maximum productivity. Thus,

we are thus able to ask if the SPR chosen for

management is consistent with the reproductive

resilience implied by the steepness. Most impor-

tantly, assuming steepness h¼1 to assess intensively

exploited resources is not a good idea and cannot be

consistent with the demographic information. Using

yield-based biological reference points that implicitly

assume a steepness of h ¼ 1, e.g., FMAX or F0.1 is

also a bad idea.

The structured model can clearly be extended to

species that change sex by adjustment of the

population dynamics and maturity schedule (Alonzo

and Mangel 2004, 2005; Alonzo et al. 2008). Both

the production and structured models can be

extended to account for changes in steepness due

to fluctuating environmental regimes, such as the

California Current System – and Equations (13 and

26) provide direction on what variables should

be measured. As described in Appendix 1, our

approach immediately extends to species that may

exhibit overcompensatory stock–recruitment

dynamics, such as Dungeness crab (Cancer magister,

Cancridae).

For the example of bluefin tuna that we consid-

ered, the results are consistent with the expecta-

tion that steepness is relatively high for this stock

and that environmental forcing is an important

determinant of recruitment strength. Such envi-

ronmental forcing can be built into the early life

history through fluctuations in mortality rate and

into productivity through fluctuations in egg

production.

To conclude we return to the question of the

choice of an appropriate value of steepness when

one assumes that recruitment is environmentally

driven. Jeffreys (1931) would consider steepness to

be a derived magnitude, even though it is measured

in terms of a number, and pointed out that the

structure of derived magnitudes is more complicated

than the ones used to compute them because they

are less immediately connected to the actual data

(which Jeffreys called sensations, see pages 98–101).

Even so, steepness is surely real – since it relates

spawning biomass and associated recruitment. Set-

ting h ¼ 1 is equivalent to assigning 100% proba-

bility to the event of unfished recruitment when

spawning biomass is 20% of its steady state value.

This is biologically inconsistent and also inconsis-

tent with a precautionary approach. More impor-

tantly, it is the wrong scientific inference and this

would apply to any single value of h specified. The

correct inference is that if there is no relationship

between spawning biomass and recruitment then

nearly any value of steepness is possible – so that

the prior for steepness in such a case should be close

to uniform, but small at both h ¼ 0.2 (for reasons

explained in He et al. (2006) and h ¼ 1 for the

reasons illustrated in this paper. There is much

more to be learned by taking a biological rather

than statistical view of steepness.
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Appendix 1: The over-compensatory

recruitment function

In this Appendix, we derive the analogue of Equation

(26) for the case of an over-compensatory recruit-

ment function. That is, we replace Equation (14) by

Nð0; tÞ ¼ asBsðtÞe�bBsðtÞ ð49Þ

where Bs(t) is given by Equation (15) and the age

dependent dynamics in Equation (16) apply. Note

that we could generalize even further (but will not

do so) by writing

Nð0; tÞ ¼ asBsðtÞfdðBsðtÞ; bÞ ð50Þ

where fd (z,b) characterizes the nature of the density

dependence and is a decreasing function of z and b.

In the steady state, we have

R0 ¼ asB0e�bB0 ð51Þ

and where B0 is given by Equation (19). We solve

Equation (51) for bB0; noting that B0 ¼
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ð1 � rÞR0Wf allows us to cancel R0 from both sides

and obtain

bB0 ¼ logðasð1� rÞWf Þ ð52Þ

Steepness is now

h ¼ asð1� rÞ0:2B�0:2bB0

0

asð1� rÞB0e�bB0
¼ 0:2e0:8bB0 ð53Þ

Substituting Equation (52) into the final term on

the right hand side of Equation (53) we obtain

h ¼ 0:2ðasð1� rÞWf Þ0:8 ð54Þ

Note that now steepness no longer ranges from

0.2 to 1, but rather from 0.2 to ¥. This can be

understood as follows. The function be)bb is

maximized at b� ¼ 1
b, so that for values of

B0 > b*,R0 declines. A large value of B0 may thus

imply a small value of recruitment, and reducing

the stock to 20% of that value may increase

recruitment by many multiples of the value at B0.

This is a small, but perhaps under-appreciated,

point about the range of values that steepness can

take.

For the more theoretically inclined reader, we

note that if we use Equation (50), then steepness

is

h ¼ 0:2asð1� rÞWf f 0:2f�1 1

asð1� rÞWf

� �� �

ð55Þ

where f )1 is the inverse function of the density

dependent term on the right hand side of Equation

(50), i.e. f(f )1(x)) ¼ f )1(f(x)) ¼ x.

Appendix 2: Adding process uncertainty to the

stock–recruitment relationship

In this Appendix, we show that although adding

process uncertainty to the stock recruitment rela-

tionship seems to produce a distribution for steep-

ness, it does not mitigate the issues raised in the

body of the paper. For simplicity, we use the

production model, for which recruitment at spawn-

ing stock size B is RðBÞ ¼ apð1�rÞB
1þbð1�rÞB. The more

common way of adding process uncertainty to the

stock recruitment relationship is to multiply by a

log-normal random variable (e.g. He et al. 2006) so

that we obtain

~RðBÞ ¼ apð1� rÞB
1þ bð1� rÞB exp Zrr

� 1

2
r2

r

� �
ð56Þ

where Zrr
is a normally distributed random variable

with mean 0 and standard deviation rr intended to

capture the fluctuations in recruitment. Note that if

one does this recruitment is no longer bounded by
ap

b

when B is very large. Thus, Equation (56) allows for

steepnesses larger than 1. An alternative (Mangel

2006), which avoids this problem, is to replace

Equation (56) by (Mangel et al. (2006))

~RðBÞ ¼
apð1� rÞB� expðZrr

� 1
2 r2

r Þ
1þ bð1� rÞB� expðZrr

� 1
2 r2

r Þ
ð57Þ

in which case the upper limit of recruitment

remains and the parameters retain their original

interpretation.

Because Equation (56) is more commonly used,

we use it here to illustrate the idea. Steepness is

defined by the condition R(0.2B0) ¼ hR0. We now

Figure A1 The probability of

obtaining a recruitment deviation,

when process uncertainty is added to

the stock–recruitment relationship,

large enough to conclude that steep-

ness is 1, given the true value of

steepness (x-axis) and the standard

deviation of the log-normal variable

characterizing recruitment variation

(y-axis).
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ask: what is the size of the recruitment deviation

that will lead us to conclude that h ¼ 1? (Actually,

as noted above, h ‡ 1.) That is, to conclude that

steepness is 1, we need a recruitment deviation 20%

of spawning biomass that produces a recruitment

R0. This will be true if

1 ¼ h� exp Zrr
� 1

2
r2

r

� �
ð58Þ

Thus, a recruitment deviation leading to the

conclusion that steepness is 1or more requires that

expðZrr
� 1

2 r2
r Þ > 1

h or that Zrr
� r2

r

2 > � logðhÞ.
We computed this quantity using the R program-

ming language (http://cran.r-project.org/) and

show the result in Fig. A1. Here we show the true

value of steepness on the x-axis, the intensity of the

recruitment variation, measured by rr on the y-axis

and the probability of obtaining a deviation large

enough to conclude that steepness is h ¼ 1, given

the true value of steepness of rr. We conclude that

adding process uncertainty to the stock–recruitment

relationship, while effectively creating an ad-hoc

log-normal distribution for steepness, does not lead

us to the conclusion that steepness is close to 1

unless it really is.
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